This paper mainly concentrates on the distributed tracking control problem for a class of uncertain nonlinear multi-agent systems with quantized input signal. Unlike the previous results on quantized control for multi-agent systems, the nonlinearities in this research can be completely unknown. To cope with these unknown nonlinearities, adaptive neural networks technique is employed to approximate the unknown nonlinear functions. Meanwhile, backstepping approach is utilized to handle the control design issue. Based on an important property of nonlinear decomposition for quantizer, a distributed quantized feedback tracking control scheme is successfully proposed to ensure the stability of the whole systems and the implementation of synchronous tracking. Finally, a simulation example is used to illustrate the efficacy of the proposed control scheme.
I. INTRODUCTION
Quantized feedback control issue has received widespread attention in the last decades due to its practicality in the applications. Two main reasons are as follows to consider quantized feedback control in practice. The first is that the control signals to plants are usually transmitted into piecewise constant, that means quantization is inevitable. For instance, devices such as the standard amplifier and a stepping motor, could be viewed as input quantizers. The second is that the quantization scheme requires low communication rate. For example, in networked control or digital control systems, the quantized control is often adopted because it meets the requirements of low communication rate and sufficient accuracy [1] . The quantized feedback control strategy is initially put forward for a class of discrete linear systems in [2] . Then, in recent ten years, many important results on the stabilization control problem for linear and nonlinear systems with quantized feedback signals have been obtained [3] - [6] . More recently, quantized feedback control has been gradually extended to multi-agent systems (MASs) in view of the actual The associate editor coordinating the review of this manuscript and approving it for publication was Pengcheng Liu . needs. For MASs the coordination problem is an important issue, which is inspired by some natural phenomena. It has been applied to various domains, for example, flocking and swarming [7] , [8] , formation control [9] - [11] , sensor networks [12] and so on. As the most fundamental topic in the area of coordination control, consensus control problem is to bring some states of all agents into a common goal. So far, fruitful results have been reported in this field regarding all kinds of agent dynamics with different influencing factors under various type of communication topologies, such as time delay, switching topology, stochastic disturbance, etc. [13] - [19] . Recently, the consensus quantized control problem for multi-agent systems have been considered. Some early results are mainly concentrated on the firstorder integrator systems [20] - [29] . Among these results, some focused on the discrete-time MASs under undirected graphs [20] - [23] or directed topology [24] , [25] , and others investigated for continuous-time linear MASs [26] - [29] . Subsequently, consensus problem for second-order and highorder MASs with quantized signal has attracted increasing attention [30] - [34] . In [30] , the quantized consensus and optimal convergence rate problems for the second-order discretetime MASs with undirected graphs have been discussed.
In [31] a quantized-observer protocol has been designed to achieve distributed consensus control for the second-order discrete-time MASs. The quantized consensus problem for second-order continuous-time MASs under directed topology has been addressed in [32] . The work in [33] proposes a novel dynamic quantizer to solve the quantized consensus issue for continuous-time linear MASs. In [34] , quantized consensus problems for both leader-following and leaderless high-order MASs under limited date rate have been researched.
In those works, the discrete-time and continuous-time MASs are all linear and certain. But, in actual engineering, nonlinearities and uncertainties usually exist in the systems under study. Therefore, it is of theoretical and practical significance to study the quantized consensus control for uncertain nonlinear systems. However, some progress has been made in quantized control only for single nonlinear uncertain systems [35] - [40] or single switched uncertain systems [41] . To the authors' knowledge, there have not been results to be reported on uncertain nonlinear MASs except [42] , [43] . In [42] , the quantized tracking control scheme is proposed based on sliding mode control approach for second-order nonlinear MASs, in which the nonlinearities are completely known. Furthermore, the quantized consensus control for a class of uncertain second-order nonlinear multiagent systems is investigated in [43] . Specific assumptions must be satisfied in this second-order system, i.e., the nonlinearities must satisfy Lipschitz condition as well as timevarying item and unknown disturbance are both bounded. So far, no results have been found on the study of high-order uncertain nonlinear quantization control as far as the authors know. More recently, synchronization control is addressed for bilateral teleoperation MASs. A fixed-time control strategy is developed in [44] , which ensures semiglobally fixedtime stability of the closed-loop system and the convergence of synchronization errors. Adaptive synchronization control is also addressed in [45] for flexible telerobotics systems. In the presented control strategy actuator fault and input saturation are considered. In [46] , an adaptive control scheme has been proposed for a class of under-actuated Lagrangian systems under a directed communication graph. Under action of the proposed controller, the actuated variables well track a dynamic leader and the unactuated ones keep bounded.
Inspired by the above observation, this research concentrates on the consensus tracking control for uncertain highorder nonlinear multi-agent systems with input quantization. The structural characteristics of our considered MASs bring many difficulties in controller design. Firstly, different from the existing results on quantization consensus control of MASs, each agent in the considered system is an n-order nonlinear system instead of second-order systems in [42] and [43] . And backstepping approach will be adopted to cope with the high-order feature. Secondly, the system functions of each agent in the MAS are allowed completely unknown, and even their bounding functions are also unknown. So, this system is more general than the systems whose functions must satisfy Lipschitz condition and certain bounded conditions in [43] . To handle this difficulty, an effective approximation tool, i.e., Radial basis function neural networks (RBF NNs), will be employed to model these unknown nonlinear functions. The last but not the least, the emergence of quantified input brings unprecedented challenges to design the appropriate controller. Fortunately, with the help of properties of hysteretic quantizer, this difficulty has been successfully solved. Compared with the existing results on adaptive quantized control for MASs, the main contributions of this dissertation lie in that 1) a backstepping based adaptive neural quantized control protocol has been developed, which solves the problem of consensus tracking control of high-order nonlinear uncertain MASs with quantized input signal. 2) To meet the practical engineering, quantized control input signals are considered for control design of nonlinear MASs rather than a single nonlinear system researched in [35] - [40] or linear MASs researched in [30] - [34] . 3) Furthermore, the MAS considered in this paper is in high-order nonlinear form with completely unknown functions. So it is more general than the second-order MASs with completely known dynamics in [42] or the second-order MASs restricted by Lipschitz condition and some bounded conditions in [43] .
II. PROBLEM FORMULATION AND SOME PRELIMINARIES A. PROBLEM FORMULATION
Distributed adaptive tracking issue for uncertain strictfeedback high-order nonlinear MASs with input quantization is introduced in this section. Suppose there are N (N ≥ 2) communicable followers and one leader in this MAS. The ith(i = 1, 2, · · · , N ) following agent's dynamics can be written asẋ
∈ R n i are both the state vectors, and y i ∈ R is the output signal. Unknown function ψ i,h (·) is smooth with ψ i,h (0) = 0 for all h = 1, 2, · · · , n i , i = 1, 2, · · · , N . The input quantization q(u i ) takes the quantized values of control input u i and it is defined as follows [35] , [36] :
, othercases VOLUME 7, 2019 where parameter i ∈ (0, 1) is the measure of quantization density and (u i ) min > 0 indicates the dead-zone range of q(u i ). Then q(u i ) takes values in the collection
In practice, Helicopter model [47] and quadrotor model [48] are in high-order nonlinear form. When considering the problem of formation flying of multiple such air vehicles, the corresponding MAS is in the form (1) . Each agent in MAS (1) is a nonlinear strict feedback system. Obviously, it can take linear MASs in [12] [13] [14] [15] 19, 23] or second-order nonlinear MASs in [15, 42, 43] as special case. Particularly, note that the nonlinear functions ψ i,h (.) in (1), including their bounding functions, are unknown. Therefore, the developed consensus control proposals cannot be used to solve the consensus problem of MASs (1) . The main difficulty for control design comes from how to deal with these unknown nonlinearities. To overcome this difficulty, adaptive neural control approach is used to propose the desired consensus control proposal. In addition, the complicated form of quantized input signal leads to difficulty of controller design and stability analysis. To solve this problem, the way to deal with quantized input is introduced in the following Lemma.
Lemma 1 [37] : The quantized input q(u i ) can be decomposed into the following formula:
with G(u i ) and H i (t) satisfying
Additionally, the following condition is essential for the leader agent's output y d ∈ R as the reference tracking signal.
Assumption 1: The leader's trajectory y d (t) and its derivative are both assumed bounded and continuous, i.e., for a constant κ, |y d | ≤ κ and |ẏ d | ≤ κ hold.
The aim of this work is to develop an adaptive neural control strategy for the uncertain nonlinear MAS (1) with quantized input signal to make sure that the MAS asymptotically reaches consensus and all signals in this system are bounded.
B. GRAPH THEORY
In this paper, the content of graph theory involved is mainly about the directed graph.
is the neighbor set of node i. The diagonal matrix D N ×N is named as in-degree matrix in which the diagonal element d i = N k=1 a ik . And L = D − A is called laplacian matrix. In addition, a direct path between two nodes refers to having a sequence of edges connecting the two nodes. If there is a node having direct path to any other ones, the directed graph is called having a directed spanning tree. An augmented graphḠ = (V ,Ē) of G is adopted to represent the topology graph including the leader.
The following assumption is usually required to achieve the control objective.
Assumption 2: 1) In this distributed MAS, the followers can only get the signals from their neighbors.
2) Considering the leader as a root, there exists a directed spanning tree in the augmented graphḠ.
At the beginning, the neighborhood tracking error for the ith follower is designed for achieving the synchronization aim as follows
with b i > 0 indicating the communication weight between the leader and the ith follower, while b i = 0 representing the leader can not send message to this follower directly. Remark 2: b i + d i > 0 for all i = 1, 2, · · · , N as well as b 1 + b 2 + · · · + b N > 0 can be easily derived from the requirement in Assumption 2, i.e., the topology of the MAS has a directed spanning tree.
Lemma 2 [49] :
Lemma 3 [49] :
with σ (L + B L ) being the minimum singular value of L + B L .
C. RADIAL BASIS FUNCTION NEURAL NETWORKS
Due to the occurrence of uncertainties, the backstepping technique often can not be implemented smoothly in the adaptive controller design. Fortunately, RBF NN approach has been proven to be effective in approximating uncertainties, that is, for an unknown continuous function ψ(S) which is defined on a compact set S and an arbitrary accuracy level ε > 0, there exists a RBF NN ζ * T (S) makes
, · · · , ϕ n (S)] T denotes a basis vector function with n > 1 being the neuron number, (S) represents approximation error. Additionally, ϕ i (S) is chosen as Gaussian function:
with ς i = [ς i1 , ς i2 , · · · , ς ip ] T being the center of receptive field and τ i being its width. Besides, ζ * = [ζ 1 , ζ 2 , · · · , ζ n ] T ∈ R n represents the ideal weight vector defined as
with ζ ∈ R n being the weight vector.
III. DISTRIBUTED ADAPTIVE QUANTIZED CONTROLLER DESIGN
In this part, a distributed quantized tracking strategy is gradually developed via combining backstepping approach and neural networks technique. For the ith follower, the design process takes n i steps based on backstepping frame. For the sake of simplicity, some symbols are given at first. In the rth step, the neural network ζ * T i,r i,r is used to approximate unknown function, where ζ * i,r stands for the ideal weight vector and i,r indicates the basis vector function. Additionally, a constant is defined as
Andθ i,r = θ i,r −θ i,r is defined to indicate the estimated error, whereθ i,r is the estimation of θ i,r . Furthermore, according to backstepping technique, let z i,r = x i,r − α i,r−1 (r = 2, 3, · · · , n i ), where α i,r−1 denotes the virtual control signal which will be specified soon afterwards.
Step 1 : For r = 1, the derivative of z i,1 satisfieṡ
The Lyapunov candidate function is taken as
where p i,1 is a positive constant. Its derivative iṡ
Considering the existence of uncertainties, set
Taking into account the unknown functionψ i,1 (S i,1 ), the approximation tool RBF NN is adopted to continue the subsequent design. For a pre-given
Then, the following formula can be derived by the definition of θ i,1 and Young's inequality
with c i,1 > 0 being a design parameter. Then from (12), the derivative of V i,1 satisfieṡ
Next, according to the backstepping method, take the virtual control function α i,1 as
where σ i,1 > 0 is a design parameter and
In addition, the parameter adaptive law satisfiesθ
with ω i,1 > 0 being a control parameter. So, it is further obtained thaṫ
Step r(2 ≤ r ≤ n i − 1): Take the Lyapunov candidate function as
Differentiating V i,r yieldṡ VOLUME 7, 2019 Then, let
Consequently, for arbitrary ε i,r > 0, by employing RBF NN again, the uncertain functionψ i,r (S i,r ) can be modeled as follows
And similar to (12) , the following inequality holds:
with c i,r > 0 being a design constant. Substituting (21) into (18) getṡ
At this stage, establish the virtual controller α i,r as
and the adaptive law satisfieṡ
with σ i,r , ω i,r being positive constants and
Step n i : The last Lyapunov candidate function is taken as
where p i,n i > 0 is a design parameter. Taking the derivative of V i,n i getṡ
Again, set
where
Upon applying RBF NN together with Young's inequality again gets
with c i,n i being a positive design constant. Then using (29) together with (31) derives thaṫ
So far, construct the input controller signal u i as well as the adaptive law as
with σ i,n i > 0 and ω i,n i > 0 being both constants. Based on Lemma 1, one has
Then, according to the nonlinear decomposition property of quantizer yields (36) and
Take (32)-(37) withV i,n i −1 into account obtainṡ
Furthermore, for all l = 1, 2, · · · , n i , applying the following inequalityθ
one obtainṡ
Take
, then (40) can be simplified tȯ
So far, using the above derivation, the main result of this research is summarized as follows.
Theorem 1: Consider the multi-agent system which satisfies Assumptions 1 and 2 consisting of agents with input quantization in form (1) . The adaptive quantized tracking controller (33) and virtual controller (14) , (23) , associated with the adaptive laws (15) , (24) , (34) , can ensure that the MAS achieves synchronous tracking and all signals in this system remain bounded.
Proof: Take the Lyapunov function V as follows:
Then from (41) one haṡ
with β = min 1≤i≤N {β i } and λ = N i=1 λ i . By following the work in [50] , this inequality indicates that the MAS is stable and the signals in overall this system are uniformly bounded.
Furthermore, by multiplying e βt on both side of (43), one easily derives d dt (V (t)e βt ) ≤ λe βt .
By integrating both sides of the above differential inequality directly, one has
Consequently,
According to the definition of V , it can be implied that
With this fact, theoretically, for arbitrary ε > 0, as time increases, the following inequality can be satisfied by appropriately tuning related design parameters
Then y − y d ≤ ε holds by taking Lemma 3 into account, which means that the MAS implements synchronous tracking control.
IV. NUMERICAL SIMULATION
In this part, the following example is provided to test the availability of our result.
Example. Consider a strict-feedback nonlinear MAS with quantized input. The system contains four followers and a leader, and its interconnection topology is shown in Fig.1 .
This figure displays that Assumption 1 is satisfied. Then its adjacency matrix is represented by A and the corresponding And the weight matrix is B = diag(6, 0, 0, 0). Additionally, the leader's trajectory is y d (t) = sin( t 2 ), so Assumption 2 is also satisfied. The dynamics of the followers are considered as follows:ẋ 1,1 = x 1,2 + 1 2 sinx 1,1 ,
x 2,1 = x 2,2 + 1 3 cosx 2,1 , 
where q(u i ) denotes a quantized input defined as above with quantization parameters δ i = 0.1 and (u i ) min = 0.1 for i = 1, 2, 3, 4. A quantized feedback adaptive neural controller can be presented via the provided control scheme. According to the design steps, the actual control signal u i as well as the virtual control law α i,1 are respectively designed according to (33) and (14) . Moreover, the parameter updating lawsθ i,1 , x 4 (0) = [0.09, 0] T andθ i,1 (0) =θ i,2 (0) = 0. Next, the design parameters are adjusted as ω 1,1 = ω 1,2 = ω 3,1 = ω 3,2 = 5, ω 2,1 = ω 2,2 = ω 4,1 = ω 4,2 = 3, p 1,1 = p 1,2 = 2, p 2,1 = p 2,2 = 4, p 3,1 = p 3,2 = p 4,1 = p 4,2 = 1, σ 1,r = σ 2,r = 60, σ 3,r = σ 4,r = 40, and c i,r = 1, for all r = 1, 2 and i = 1, 2, 3, 4. Fig.s 2-9 display the simulation results. 
Remark 3:
The dynamics of following agents (49) are in strict-feedback nonlinear form. The nonlinearities in this example are completely unknown functions. It is more general than the MASs restricted by some bounded conditions and Lipschitz condition in [43] .
In the simulation results, Fig.2 shows the curves of the output trajectories of the MAS. It can be distinctly seen that the followers track the desired reference signal synchronously. Meanwhile, Fig.3 -5 represent the signals x i,2 ,θ i,1 andθ i,2 are all bounded. Furthermore, for i = 1, 2, 3, 4, the controller signal u i and its quantized signal q(u i ) are depicted in Fig.s 6-9 .
V. CONCLUSION
This research establishes a distributed adaptive tracking controller for the uncertain nonlinear MAS with input quantization. With the help of the nonlinear decomposition of hysteresis quantizer, this issue is successfully converted into a conventional control problem. The combination of adaptive neural networks approximation technique and backstepping solves the difficulties arising from the system characteristics of high-order and completely unknown nonlinearities. Under the proposed quantized controller, the stability of the closedloop MAS is shown, meanwhile, the implementation of synchronous tracking is guaranteed. An example verifies the effectiveness of the presented protocol in the simulation part. In our future research, we may further consider some control issues such as finite-time control [44] and [51] , observerbased output feedback control [52] and reliable control design for actuator faults [46] . ZHILIANG LIU received the B.Sc. degree in electrical engineering from Qingdao University, Qingdao, China, in 2014, and the M.Sc. degree from the Institute of Complexity Science, Qingdao University, in 2017, where he is currently pursuing the Ph.D. degree. His current research interests include nonlinear control, adaptive control, and switched nonlinear systems. VOLUME 7, 2019 
